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Abstract 
A planar cubic graph is k-extendable, k >1 4, if it can be obtained from the cube by repeatedly 
choosing two edges lying on a common face of length at most k, subdividing them once and 
joining the resulting degree two vertices. It turns out that every cyclically 4-edge connected 
planar cubic graph is 7-extendable. For each k C {4, 5, 6, 7}, we study k-extendable graphs in 
terms of excluded minors. 
1. The  results 
An edge extension of a graph is the operation whereby two independent edges are 
subdivided and an edge is added between the resultant degree two vertices. A graph is 
cyclically n-edge connected if no two of its circuits can be separated by the removal 
of fewer than n edges. 
Fontet [2] and Wormald [4] have shown that for cubic graphs, the notion of ex- 
tendability and cyclical 4-edge connectivity are equivalent. In particular, every cycli- 
cally 4-edge connected cubic graph G can be derived from either the cube or K4 
by repeated edge extensions. If  G is planar, G ~ K4, then it thus derivable from 
the cube and each extension is performed on a pair of edges on a common face. 
This raises the main question addressed in this paper: how small may these faces be 
taken? A k-edge extension of a cubic, planar graph will be an extension involving 
two independent edges lying on a face of length at most k. A graph is k-extendable 
if it can be derived from the cube by k-edge extensions. Can we characterize the k- 
extendable graphs? How large may k become? The answer to the second question is the 
following: 
1.1. Theorem. Every cyclically 4-edge connected planar cubic 9raph is 7-extendable. 
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Fig. l. The excluded minors. 
This leaves us with the task of describing the class of k-extendable planar graphs 
for k = 4, 5, 6, 7. Our description takes the form of excluded minors and involves the 
graphs of Fig. 1. 
1.2. Theorem. A cyclically 4-edge connected cubic planar graph is 4-extendable if
and only if does not have F1 as a minor. 
A graph G is strongly cyclically n-edge connected if is cyclically n-edge connected 
and if two circuits of G are separated by the rerhoval of n edges, then one of the 
components i a circuit. A corollary of the above theorem is the following result of 
Barnette [1]: 
1.3. Corollary (Bamette). Every strongly cyclically 4-edge connected cubic planar 
graph different from the cube has F1 as a minor. 
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1.4. Theorem. I f  a cyclically 4-edge connected planar cubic graph G does not have 
F2 or F3 as a minor, then it is 5-extendable. 
For k = 5 the condition of the theorem is not necessary. For instance, the graph 
obtained from R3 by performing an edge extension on two edges el and e2 such that el 
lies on two faces of degree six and e2 lies on a face of degree six and a face of degree 
four, is 5-extendable. The result does, however, give the following characterization: 
every cyclically 4-edge connected minor of a planar cubic graph G is 5-extendable if 
and only if G does not contain F2 or F3 as a minor. Theorem 1.4 is actually proved 
via the following result: 
1.5. Theorem. I f  G is a cyclically 4-edge connected planar cubic graph such that the 
sum of the lengths of any two adjacent faces is at least ten, then G has F2 or F3 as 
a minor. 
The proof of Theorem 1.5 also yields a simple proof of the following result due to 
Barnette [1]: every cyclically 5-connected planar cubic graph contains F2 as a minor. 
We do not have an analogous result to Theorem 1.4 for 6-extendable graphs. How- 
ever, we conjecture the following: 
1.6. Conjecture. I f  a cyclically 4-edge connected planar cubic graph does not have 
F4 or F5 as a minor, then G is 6-extendable. Moreover, if G is strongly 5-edge 
connected, G ~ F2, then it has F4 as a minor. 
Theorems 1.2 and 1.4 show how the corresponding graphs can be derived from 
certain simple graphs by using edge extensions. In particular, every extendable but 
not 4-extendable graph is derivable from F~, every extendable but not 5-extendable 
graph is derivable from F2 or F3. To see this, one needs consider the following result 
from [3]; it is only slightly different from the result of Fontet and Wormald mentioned 
earlier: 
1.7. Theorem. Let G be a cyclically 4-edge connected cubic graph and let H ~ K4 
be any simple cubic minor of G. Then G can be derived from H by edge extensions. 
2. Basics 
We deal with loopless planar graphs having vertex set V and edge set E. A graph 
H is a minor of a graph G if H is isomorphic to a graph obtained from G by deleting 
edges and vertices and by contracting edges. Given a graph G and v E V(G), we use 
the notation d(v) for the degree of v and N(v) for the set of vertices of G adjacent 
to v. 
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We present he proofs in their dual form, that is, in terms of planar triangulations. 
Our earlier definitions of extendable and k-extendable, qually apply to a triangulation 
if its cubic dual satisfies the definition. Note that the dual operation of an edge extension 
involves splitting a vertex v into two adjacent vertices v I and v" such that N(v t) U 
N(v") = N(v) and the degrees d(v'), d(v")~>4. 
The edges of any cut in a planar cubic graph determine a circuit in its dual graph. 
If such a cut is nontrivial, then the corresponding dual circuit is called separating. If 
C is a circuit of a planar triangulation G and no component of G - V(C) has exactly 
one vertex, then C is a proper separating circuit. Evidently, a triangulation is strongly 
n-connected if it is n-connected and has no proper separating circuit of length n. It 
seems worthwhile to also make the following explicit: 
• Minors in a cubic planar graph correspond to minors in its dual. 
• A cubic planar graph is cyclically (resp. strongly cyclically) n-edge connected if and 
only if its dual is (resp. strongly) n-connected. 
An edge uv of the dual graph G of a 4-connected cubic planar graph is k-extended 
if d(u), d(v)~>4 and d(u) + d(v)<<,k + 4. Note that k-extended edges can be seen as 
having arisen from a k-extension. Contracting a k-extended edge may, however, result 
in a 3-vertex cut; this happens precisely when uv lies on a separating circuit of length 
four. 
Let now G be a planar triangulation embedded in the plane. Any separating circuit 
C physically divides the plane into two parts: a bounded region enclosed by C and 
an unbounded one. The subgraphs of G lying in these regions (including C itself), 
are called the interior of C, int(C), and the exterior of C, ext(C), respectively. A 
diagonal of C is any (simple) path of G which is internally disjoint from C and has 
its ends in C. We often call a diagonal of length one a chord. Any diagonal of C 
is contained either in int(C) or in ext(C). Unless stated otherwise, the diagonals (and 
chords) we consider are the ones contained in int(C). 
If G is 4-connected and k E {4,5}, then we call an m-circuit of G k-tight, 
4 <<.m<~k, if 
(i) ext(C) has no chord of C, 
(ii) IV(int(C) - V(C)) I >/2, IV(ext(C) - V(C)) I ~> 1 and 
(iii) for each m' E {4 .. . . .  k}, no m~-circuit of G different from C has properties (i) 
and (ii) and is contained in int(C). 
For clarity we state the following: 
2.1. Let G be a 4-connected planar triangulation (embedded in the plane) and k E 
{4,5}. I f  G has a separating m-circuit C with [V(int(C))-  V(C)[ ~>2 and 4 <.m<<.k, 
then there is a k-tight circuit contained in int(C). 
Let Co, C1 be two circuits of G such that C1 is a subgraph of int(Co) - V(Co), 
Iv(C1)l t>3 and N(v)N V(int(Co)- V(Co))C V(C1), for each v E V(Co). Then the 
subgraph of G consisting of Co, C1 and all the edges with both ends in V(Co)U V(Cl) 
is called a 2-ring of G and is denoted C1. The main vertices of (Co, C1) are the ends 




Fig. 2. A 2-ring. 
of the paths determined by N(v), for each v E V(Co) (see circled vertices in Fig. 2). 
The vertices of Co and the main vertices of C1 are denoted by v °, v°, ... and v~, vl , . . .  
respectively. We assume that this labelling is done in a clockwise fashion and that 
v ° is adjacent o v~ and v]+ 1. Note that v] and v]+ 1 need not necessarily be distinct. 
We denote by [v],v~+l] the path of C1 whose only main vertices of C1 are its ends v~ 
and v]+ 1 . 
Note the following: 
2.2. I f  G is a 4-connected planar triangulation, (Co, C1 ) is a 2-ring and xy is a chord 
of  CI, then each component of C1 - {x, y} contains at least one main vertex. 
Otherwise, if, say, x, y C N(v°), then (v°,x,y) is a separating triangle. 
3. The proofs 
As stated earlier, we prove the theorems in their dual form. The corresponding duals 
of the graphs given in Fig. 1 are shown in Fig. 3. We repeatedly apply the following 
facts: 
3.1. I f  G & 4-connected but not k-extendable, and uv is a k-extended edge, then con- 
tract&9 uv either produces a 3-vertex cut, or another 4-connected non-k-extendable 
graph. 
3.2. Let G be a 4-connected planar triangulation with a 5-extended edge e. I f  e 
belongs to a separating 4-circuit C, then the vertices of  C form the neighborhood of 
some vertex of  G. I f  in addition e is 4-extended, then G ~- Ro. 
Proof. Suppose that e = xy is a 5-extended edge which is contained in a separating 
circuit (x,y,z,v). First note that x,y  each has a neighbor in ext (C) -  V(C) and in 








Fig. 3. The duals of the excluded minors. 
int(C) - V(C). For if, say x, has no neighbor in int(C) - V(C), then yv E E(G) 
and so {v, y,z} forms a separating triangle. Without loss of generality we assume that 
d(x) = 4 and d(y)~< 5, and each of x, y has a unique neighbor w in int(C) - V(C). 
But then since {v,w,z} is not a 3-vertex cut, we have N(w) = {x,y,v,z} as desired. 
Finally, if xy is a 4-extended edge, then x, y have a unique (common) neighbor w' in 
ext (C) -  V(C). Now since G is a triangulation, we also have vw',zw' E E(G), and 
hence by 4-connectivity, G = R0. [] 
3.3. Theorem. A 4-connected planar triangulation has R1 as a minor if and only if 
it is not 4-extendable. 
Proof. Suppose that G is a minimal counterexample to the 'if' part of  the theorem. 
Clearly G ~ Ro and so by minimality, and the help of  (3.1) and (3.2), we find that G 
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has no 4-extended edge. Again by minimality and (3.1), G must have a 4-separating 
circuit. Hence by (2.1) and the fact that G ~ R0, we may assume that in some 
embedding, G has a 4-tight 4-circuit Co. Consider any diagonal P of Co. Because G is 
4-connected, P cannot be an edge. If P has only one internal vertex, then by tightness 
each of the two circuits obtained from P U Co that contains P has in its interior at most 
one vertex. If both have exactly one vertex, then it is easy to see that by contracting 
any edge of int(Co)- V(Co) we obtain a smaller counterexample. If  the interior of one 
of these circuits is empty, then by the choice of Co, int(Co) - V(Co) has precisely two 
adjacent vertices. By (3.1) and the minimality of G, G/vw has a separating triangle 
which in turn implies that G itself has a separating triangle. Thus, each diagonal of 
Co has length at least three and as a result, int(C0) has a circuit C1 such that (Co, C1 ) 
forms a 2-ring and Ci has four main vertices. Each of the graphs obtained from this 
ring by adding a vertex v joined to all vertices of Co and adding an edge /)~/)~+2 has 
RI as a minor. Moreover, one of these graphs is a minor of G and the result follows. 
Conversely, suppose that G has R1 as a minor. It suffices to show that if e = vw 
is an edge of G with d(v) = d(w) -- 4, then G/e has R1 as a minor. Let H be 
an edge-minimal subgraph of G which contains a minor of R~. If at most one of 
v,w is a vertex of H, then clearly G/e has R1 as a minor. If H can be chosen so 
that e E E(H), then the fact that RI does not have two adjacent vertices of degree 
four implies that G/e still contains R1 as a minor. This only leaves the case where 
v,w E V(H) but vw ff E(H); thus dH(v),dH(w)<.3. Let xl, x3 be the vertices of G 
adjacent o both w and v, let x2,x4 be the other neighbors of w, v where we assume 
that x2 is adjacent o v. By edge-minimality of H, and since Rl has no parallel edges, 
we have that not all of XlV, XlW, x3v, x3w E E(H); thus without loss of generality xnv, 
x2v E E(H) and x3v f[ E(H). Again, since R1 has no parallel edges, XlX 2 ~ E(H) and 
so (H -  {xl V, XzV})t3 {xlx2} also contains a minor of R1, and has fewer edges than H, 
a contradiction. [] 
We now turn to the proof of Theorem 1.4 which will be a consequence of the 
following: 
3.4. Theorem. I f  G is a 4-connected triangulation such that d(x)+d(y)>1 0 Jor each 
xy c E(G), then G contains R2 or R3 as a minor. 
Proof. Let G be a minimal counterexample to the theorem statement. We begin with 
two observations. 
3.5. Let C be a 5-tight m-circuit. Let P be a diagonal of C of length l that 
is determined by the neighborhood of a vertex v E V(C). Then l>>-3 and if  m = 4, 
then 1 >~ 4. 
Proof. By the tightness of C and the fact that G does not have separating triangles, 
l~>2. Consider now the circuit (C U P ) -  v. If l = 2, it can be checked that if 
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its interior contains at most one vertex, then there is some 5-extended edge. Thus by 
the choice of C, l ~> 3. A similar argument applies to show that l/> 4 when C is a 
4-circuit. [] 
3.6. No embeddin9 of G has a 5-tight 4-circuit that is proper separating. 
Proof. Suppose it is not true and let C be a 5-tight 4-circuit. By definition, C has 
no chords, so we may contract ext (C) -  V(C) to a single vertex to obtain a new 4- 
connected triangulation G'. Note that for any two vertices x, y of G', d(x)+d(y)>~ 10. 
Indeed, by (3.5), any vertex of C has degree at least six and thus, if at most one of 
x, y is in C, then the sum of their degrees is as required. If  both x and y are not 
in C, then this follows by the hypothesis. As I V(G')I < ]V(G)I, we have reached a 
contradiction. [] 
We base our analysis on whether or not G has 5-tight 5-circuits. 
Case 1: Some embeddin9 of G has a 5-tight 5-circuit. In addition to proving the 
theorem, we show that if G has no vertices of degree four, then it has R2 as a minor. 
Let Co be any 5-tight 5-circuit of G. By (3.5), there exists a circuit C1 in int(C0) - 
V(Co) such that (Co, C1) forms a 2-ring of G and C1 has five main vertices. By 
its definition, Co has no chords. If  C1 has no chords either, then we can reduce by 
contractions ext(C0)-  V(Co) and int(C1 ) -  V(C1), respectively, to a vertex and thus 
obtain a graph which clearly has R2 as a minor. Thus, we assume that C1 has a 
chord. 
3.7. Every chord of C1 subtends exactly one vertex of Cl and at most one of its 
ends is a main vertex of Cl. 
Proof. Let xy be a chord of C1. Neither component of C1 - {x, y} contains exactly 
two main vertices v), v]+ 1 of C1, for then 0 0 0 (x, y, vi_ l v i , vi+ 1 ) is a separating 5-circuit 
contradicting the tightness of Co. Also, by (2.2), each component of C1-{x, y} contains 
at least one main vertex, as required. [] 
3.8. No two chords which have a main vertex as an end may be incident. 
Proofi Suppose this is false. First, consider a pair of chords vlx, xv12, say, such that 
V4,X, V2 ' 0 0 VO, V3} = X ~ V( [v  l ,  1 1 1 vl])\{Vo, Vl}. Then by  t ightness ,  V(int(vl,x,v 1, V2 ,0 V30)) __ 1 1
{v~} and as a result (3.7) is violated. Second, consider chords vlx, v lx ' ,  say, such that 
1 1 1 1 X I 1 1 1 1 x ~ V([vo, vl])\{Vo, Vl} and c V([v2,Y3]) \{v2,v3}.  By the preceding argument, x'v~ 
and xv~ cannot be chords. Thus either we can contract V(int(C1 )) - V(C1 ) to a single 
vertex of degree at least five - -  and hence detect an R2 minor - -  or some internal 
vertex x" of [v I, v21] is adjacent o x and to x'. Now because the sum of the degrees of 
any two adjacent vertices is at least ten and because G does not have proper separating 
circuits, int(vl,x,x",x ') - {vl,x,x' ,x '} consists of a single vertex (adjacent to v41, x, x" 
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and x~). But then the graph obtained from G by contracting ext(Co) - Co to a single 
vertex and by contracting the edge o o /)3/)4 is a minor of G isomorphic to R3. [] 
Now using (3.7) and (3.8) we find that C 1 has a chord with neither of its ends 
being a main vertex. So we assume that xy is such a chord with, say, x E V([vo, vl]), 
y E V([v~,v~]) and neither x nor y is a main vertex of C1. Again using (3.7) and (3.8) 
one can verify that either G has R2 as a minor or both xv~ and yv~ are chords of C1 (see 
1 1 0 Fig. 4). Also, by hypothesis and tightness of Co, the circuit C ~ = (x, y, v3, v2, v2) is such 
that V(int(C')) - V(C') consists of a single vertex. Similarly for the 4-circuits such 
0 0 as (x,y,/)0, v4) which involve the chords of C1. One now finds that the configuration 
of int(C0) in Fig. 4 actually exists as a subgraph in G. 
Let P be the diagonal of Co contained in ext(Co) and whose vertices are adjacent 
0 0 By connectivity, to v °. Let z be the unique vertex in ext(C0) that is adjacent o v4,vo. 
there are four internally disjoint paths in ext(C0) from z to V(Co)- {v°}. I f z  ~ V(P), 
then by contracting these paths to single edges, and any remaining edges of P to a 
single edge, we find that G contains R3 as a minor. Thus, z E V(P) (see Fig. 4). The 
argument thus far has shown that from any 5-tight 5-circuit C = (v0, Vl, v2, v3, v4), we 
can either 
(i) find an R2 or R3 minor or 
(ii) C has an edge, say, v4vo such that the outside face of G is (v4, vo,z) and z is 
adjacent o v2. 
It suffices therefore to find a 5-tight 5-circuit for which (ii) does not hold. Indeed, 
note that the interior of the circuit (v4,° v3 ,o vO,z) has at least two vertices; this is because 
d(v °) ~> 6, since G has no 5-extended edges and no separating triangles. Thus by (2.1), 
the interior of this circuit contains a 5-tight circuit C which, by (3.6) must be a 5- 
circuit. If G has no R2 or R3 minor, then zv ° C E(C). But since v ° is only adjacent o 
two vertices in int(C) we have reached the desired conclusion. 
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Case 2: No embedding of G has a 5-tight 5-circuit. We show that G has R3 as a 
minor. By assumption, (3.6) and (2.1) we have that 
3.9. G has no degree five vertices. 
Thus, since any edge in a separating 4-circuit, must join two neighbors of a degree 
four vertex, it is easy to see, by minimality, that G has degree four vertices. Moreover, 
G has a vertex v of degree six adjacent o two vertices of degree four. Indeed, let x be 
a vertex of degree four and let xy be an edge of G. The minimality of G and the fact 
that it is strongly 4-connected imply that G/xy has a vertex v of degree five adjacent 
to a vertex of degree four and thus in G, v is of  degree six and it is adjacent o two 
degree four vertices. 
Let Co be the circuit determined by the neighborhood of v. Without loss of generality, 
we assume that int(C0) = G-  v. Depending on how the degree four vertices are 
distributed in Co we shall distinguish two cases. (The other cases are excluded by 
symmetry). Either d(v °) = d(v °) = 4 or d(v °) = d(v °) = 4. In both instances we show 
that G has R3 as a minor. 
Consider the former case. Each of v 2,° v3 ,o v o and v ° has at least three neighbors in 
in t (C0) -  V(Co) since each is adjacent to a vertex of degree four. As in the proof 
of (3.5), there is thus a 2-ring (Co, C1 ) with four main vertices which we label as in 
Fig. 5; note that v I = v21, v41 = v~ and that all vertices depicted necessarily exist and are 
distinct by assumptions about (strong) connectivity. Since d(v I )~> 6, as it is adjacent o 
a degree four vertex, there is a diagonal P, of  length at least two, in the neighborhood 
of v I with ends Xo,X2, as depicted in Fig. 5. Let D := (C1 -Vll )tAP. Again, by the fact 
that G does not have separating triangles, proper separating 4-circuits and no circuits 
that contradict (3.9), one can argue that if xy is a chord of D, then either x is an 
intemal vertex of [vl, vl] from v~ to x0 and y an intemal vertex of P or [v01,v~]; or 
x is an internal vertex of [v~, v~] from v~ to x2 and y is an internal vertex of P or 
[v1,v14] (see the dashed lines in Fig. 5). In either case, the 4-circuit determined by x, 
y and the two vertices of Co to which x and y are adjacent must contain exactly one 
vertex. This readily implies that in t (D) -  V(D) can be contracted to a single vertex 
w of degree at least 6. One may now deduce that the graph obtained by additionally 
contracting to a vertex the segment of [v l, vl] from v~ to x0 and the segment of [v21, v~] 
from x2 to v~ has R3 as a minor. 
To conclude we consider the case in which d(v °) = d(v °) = 4. Regarding the 
labelling of the vertices of C, we note that vt l= v 1, v I = v~ and possibly v~ = v41 (see 
Fig. 6). An analysis similar to the one presented above implies that no edge xy of G 
can be a chord of C1, unless x C V([vl, v~]) and y E V([v~,vl]), or x C V([v~,v~]) 
and y E V([v l, v~]). Moreover, in either case, the 4-circuit determined by x, y and the 
vertices of Co to which they are adjacent, has exactly one vertex in its interior. Now 
one observes that int(C~ ) -  V(C1) can be reduced by edge contractions to a single 
vertex w which is adjacent o all vertices of C1, except possibly v~ and v ]. Contracting 
[v~, v41 ] to be length zero, does, however, result in a vertex which is adjacent o w. In 
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addition, each path [v~,v]+l]), i E {0, 1,4}, has length greater than two. One now sees 
that G has R3 as a minor. 
We note that the proof of Case 1 in the above theorem immediately implies the 
following result: 
3.10. Corollary (Barnette [1]). Any 5-connected planar triangulation contains R2 as 
a minor. 
Theorem 3.4 is now used to give a sufficient condition for a triangulation (and hence 
also a planar cubic graph) to be 5-extendable. 
3.11. Theorem. I f  G is a 4-connected planar triangulation that it is not 5-extendable, 
then it has R2 or R3 as a minor. 
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Proofi Suppose that G is a minimal counterexample to the statement of the theorem. 
In view of the previous theorem, it suffices to show that G has no 5-extended edge. 
Suppose, to the contrary, that xy is a 5-extended edge of G. By minimality and 
(3.1), xy lies on a separating 4-circuit C = (x,y,z,v) and by (3.2) there is some w 
such that N(w) = V(C). In particular, xw, yw are also 5-extended. Again by minimality 
and (3.1), xw also lies on a separating 4-circuit C .  By 4-connectivity, one deduces 
that C ~ must be of the form (x,w,z,w') where w t E ext (C) -  V(C). But the same must 
also hold for the edge yw and this is only possible if w'y,w~v E E(G). But then since 
G ~ R0 one sees that one of {z, y, w'}, {w',x, y}, {w',x, v} or {w', v,z} is a separating 
triangle, a contradiction. [] 
We close by giving an upper bound in face size required when building planar cubic 
graphs by edge extensions. 
3.12. Theorem. Every 4-connected planar triangulation is 7-extendable. 
Proof. We shall prove the theorem using two well-known results about any planar 
triangulation G with vertex degrees at least three. The first tells us that 
Z (6--  d (v ) ) :  12. 
vc V(G) 
(1) 
The second informs us that for any v E V(G), either G or G-v  has a perfect matching. 
Note that because of (1), there is no triangulation with a perfect or near-perfect 
matching M such that (i) each edge xy E M satisfies d(x) + d(y) >>. 12 except possibly 
two such edges for which the sum of degrees is at least 9 and (ii) if M is near-perfect, 
the unsaturated vertex has degree at least 5. 
So now let G be a minimal counterexample to the theorem. If G is 5-connected, 
then, by minimality and (3.1), the sum of the degrees of any two adjacent vertices of 
G is at least twelve, contradicting the preceding argument. 
So we assume that G is not 5-connected. Consider an embedding of G for which 
we can choose a 4-tight 4-circuit C of G. Let G ~ be the graph obtained from G by 
contracting ext (C) -  V(C) to a single vertex v and deleting multiple edges. By the 
choice of C (and an easy argument which shows that int(C) - V(C) does not consist 
of two vertices of degree four), every vertex of C has degree at least five in G ~. We 
claim that for each xy E E(int(C))\E(C), that 6 - dG,(x) + 6 - da,(y)<.O. I f  this 
were not the case, then by minimality of G, such an edge would be in a separating 
4-circuit of G. But then there would exist a vertex in int(C) - V(C) adjacent o two 
non-adjacent vertices of C. One then easily finds either a contradiction to tightness 
of C, or a pair of adjacent vertices of degree four which do not lie on a separating 
circuit, contradicting minimality of G. But now G I has either a perfect matching or a 
perfect matching in G I - {x} for some x E V(C), which contradicts (1) as we have 
seen. This final contradiction completes the proof. [] 
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